Abstract. Let A and B be two algebras. In this paper we give a characterization of generalized higher derivations (Jordan generalized higher derivations) from A to B in terms of generalized derivations (Jordan generalized derivations) on B under some certain conditions.
Introduction and preliminaries
Let A and B be two algebras, X be a B-bimodule and σ : A → B be a linear mapping. A linear mapping δ : A → X is called a σ-derivation if it satisfies the Leibniz rule δ(ab) = δ(a)σ(b) + σ(a)δ(b) for all a, b ∈ A. In the case A = B = X and σ = I A , the identity mapping on A, a σ-derivation is called a derivation. For other approaches to generalized notions of derivations and their applications see [1, 2, 5, 11, 12] and references therein. A sequence {f n } n∈N∪{0} of linear mappings from A to B is called a higher derivation if f n (ab) = ∑ n k=0 f k (a)f n−k (b) for each a, b ∈ A and each non-negative integer n. Higher derivations were introduced by Hasse and Schmidt [6] , and algebraists sometimes call them Hasse-Schmidt derivations. For an account of higher derivations the reader is referred to the book [4] .
In [10] , the first named author gave a characterization of higher derivations from an algebra A into itself, in terms of derivations on A, provided that f 0 is the identity mapping on A. In [13] we characterized all higher derivations from an algebra A into another algebra B in terms of derivations on B, provided that f 0 is onto and ker(f 0 ) ⊆ ker(f n ) (n ∈ N). Here, continuing the previous work [13] , we characterize generalized higher derivations in terms of generalized derivations and Jordan generalized higher derivations in terms of Jordan generalized derivations. The importance of our work is to transfer the problems such as automatic continuity (see [8] and [9] ) of generalized higher derivations (Jordan generalized higher derivations) into the same problems concerning generalized derivations (Jordan generalized derivations). A discussion on Jordan higher derivations in Banach ternary algebras can be found in [7] .
Let {f n } be a higher derivation. Then f 0 is a homomorphism and f 1 is a f 0 -derivation.
During the paper we use the following result proved in [13] . In order to make this paper self contained, we state it with its proof here. Lemma 1.1. Let A and B be two algebras (associative or not) and {f n } be a higher derivation from A into B with f 0 (A) = B and ker(f 0 ) ⊆ ker(f n ) (n ∈ N). Then there is a sequence {γ n } of derivations on B such that for each non-negative integer n
Proof. We use induction on n. For n = 0, let γ 1 : B → B be defined by γ 1 =f 1f
Sincef 0 is an isomorphism, there exist a 1 , a 2 ∈ A such that f 0 (a 1 ) = b 1 and f 0 (a 2 ) = b 2 . We thus have
So γ 1 is a derivation. Note thatf 1 = γ 1f0 . Now suppose that γ k is defined and is a derivation for k ≤ n satisfying the result.
) .
Since γ 1 , . . . , γ n are derivations,
we have 0 ≤ k + ℓ ≤ n and k ̸ = n. Thus if we put r = k + ℓ then we can write it as the form
Generalized higher derivations
Putting r + 1 instead of k in the first summation we have
By our assumption
for r = 0, . . . , n − 1. We can therefore deduce that
By a similar argument we have
Thus
Whence γ n+1 is a derivation on A.
The results
Let A and B be two algebras. We recall some definitions from [3] .
ii. a generalized derivation if there exists a derivation f :
iii. a Jordan generalized derivation if there exists a derivation f :
The following notions are given in [3] for the case that the {d n } is a sequence of linear mappings on A and d 0 = I A . These notions also can be defined whenever the {d n } is a sequence of linear mappings from A into B and d 0 : A → B is an arbitrary homomorphism. Definition 2.2. Let {d n } n∈N∪{0} be a family of linear mappings from A into B. Then we say that {d n } is
for each a ∈ A and each non-negative integer n;
ii. a generalized higher derivation if there exists a higher derivation
for each a, b ∈ A and each nonnegative integer n;
iii. a Jordan generalized higher derivation if there exists a higher derivation {f n } from
for each a ∈ A and each nonnegative integer n.
Theorem 2.3. Let A and B be two algebras (associative or non-associative), {d n } be a generalized higher derivation from A into B and {f n } be a higher derivation from
for each a 1 , a 2 ∈ A and each nonnegative integer n. Moreover, suppose that f 0 (A) = d 0 (A) = B, ker(f 0 ) ⊆ ker(f n ) and ker(d 0 ) ⊆ ker(d n ) for each non-negative integer n. Then there is a sequence {δ n } of generalized derivations on B associated with a sequence {γ n } of derivations such that for each non-negative integer n
Moreover, Let A and B be two algebras (associative or non-associative), {d n } be a generalized higher derivation from A into B and {f n } be a higher derivation from A into
for each a 1 , a 2 ∈ A and each non-negative integer n. Furthermore, 
Since γ 1 is a derivation, δ 1 is a generalized derivation. Note thatd 1 = δ 1d0 . Now suppose that δ k is defined and is a generalized derivation for k n satisfying ( * ) such that
we have 0 ≤ k + ℓ ≤ n and k ̸ = n. Thus if we put r = k + ℓ then we can write it as the form ∑ n r=0 ∑ k+ℓ=r,k̸ =n . Putting ℓ = r − k we indeed have
Generalized higher derivations for r = 0, . . . , n − 1. We can therefore deduce that
Now for computing L, we put n − r instead of k and l in the first and second summation of L, respectively. We have
And so
For r = 0, . . . , n, Lemma 1.1 implies that
We therefore deduce that
Whence δ n+1 is a generalized derivation on B such that
For the last part of the result we show that if d n is of the mentioned form thend n satisfies the recursive relation ( * ). Since the solution of the recursive relation is unique, this proves the theorem. Simplifying the notation we put a + 1)a r 1 ,...,r i = a r 2 ,. ..,r i . Moreover, a n+1 = 1 n+1 . Now for each a ∈ A we have
We therefore have (n + 1)
Theorem 2.4. Let A and B be two algebras (associative or non-associative), {f n } n∈N∪{0} be a higher derivations from A into B with f 0 (A) = B and ker(f 0 ) ⊆ ker(f n ) (n ∈ N) and {γ n } be the sequence of derivations such that
Suppose also that σ : A → B be a surjective generalized homomorphism associated with f 0 , i.e., σ(a 1 a 2 ) = σ(a 1 )f 0 (a 2 ), ∆ is the set of all sequences {δ n } n∈N of generalized
Then there is a one to one correspondence φ : ∆ → D defined by φ({δ n }) = {d n }, where
Proof. Let {δ n } ∈ ∆ and {γ n } is the sequence of derivations on B such that
We show that {d n } ∈ D. By Lemma 1.1 the sequences {d n } and {f n } satisfy the following relations
To show that {d n } is a generalized higher derivation we use induction on n. For n = 0 we
Using our assumption, we can write 
Thus {δ n } = {δ ′ n } and φ is one to one.
Remark 2.5. Modifying the above arguments we have similar results concerning Jordan higher derivations and generalized Jordan higher derivations.
